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Abstract 

We study the characteristic foliation of a twisted Jacobi manifold. 
We show that a twisted Jacobi manifold is foliated into leaves that 
are, according to the parity of the dimension, endowed with a twisted 
contact or a twisted locally conformal symplectic structure. 
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1 Introduction 

The notion of twisted Jacobi manifold was introduced by the authors in [7] 
and several of its properties and relations with other geometric structures, 
such as twisted Dirac-Jacobi bundles and quasi-Jacobi bialgebroids, were 
studied in [Sj. Twisted Jacobi manifolds appeared as a natural general- 
ization of the twisted Poisson manifolds, which were introduced by Severa 
and Weinstein in |10j . motivated by works on topological field theory [9] 
and on string theory [5] • In [8] , some examples of twisted Jacobi structures 
on manifolds were presented, including twisted locally conformal symplec- 
tic structures. In this Note, we show that twisted contact structures also 
provide examples of twisted Jacobi structures. Twisted contact and twisted 
locally conformal symplectic structures are two important types of twisted 
Jacobi structures on a manifold. In fact, we prove that, according to the par- 
ity of its dimension, a transitive twisted Jacobi manifold is either a twisted 
contact manifold, or a twisted locally conformal symplectic manifold. The 
characteristic foliation of a twisted Jacobi manifold is also discussed in this 
Note and we show that each characteristic leaf of a twisted Jacobi manifold 
is endowed with a transitive twisted Jacobi structure. 



1 



The paper starts with a very brief review, in section 2, of the main 
properties of twisted Jacobi manifolds. Section 3 is devoted to the study of 
the characteristic foliation of a twisted Jacobi manifold. 



2 Twisted Jacobi manifolds 

A twisted Jacobi manifold ([3 [8]) is a differentiable manifold M equipped 
with a bivector field A, a vector field E and a 2-form u such that 

l[(A,E),(A,E)f>V = (A,E)*(cLj,cj). (1) 

in dH)> [*) •]^ 0,1 ^ denotes the Schouten bracket of the Lie algebroid (TM x 
R, [•,•], 7r) over M, modified by the 1-cocycle (0,1) of the Lie algebroid 
cohomology complex with trivial coefficients [3J, and (A, E)# is the nat- 
ural extension of (A,E)# : T(T*M x R) T(TM x R), given, for all 
(a,/) G T(T*M x R), by (A,E)#(a,f) = (A#(a) + fE, — (a, E)), to a ho- 
momorphism from T(/\ k (T*M x R)) to T(/\ k (TM x R)), k G M, (fc = 3, 
in (UK) defined, for all (77,0 G T(/\ k (T*M x R)) and (a x ,/i), ... , (a fc ,/ fc ) G 
r(T*M x R), by 

(A,E)#(r,,0((ai,fi),...,(a k ,f k )) 

= (-l) k ( V , 0((A, • ■ ■ , (A, ^) # (a fc , /*)). 

For a bivector field A on M, we consider the usual homomorphism A# : 
r(T*M) — > r(TM) associated to A and we define its natural extension 
A* : r(/\ fc T*M) -» T(/\ k TM), k G IN, by setting, for all 7/ G T(/\ k T*M) 
and ctfe G r(T*M), 

A#(r / )(a 1 , . ..,a fc ) = (-l) fc r / (A#(a 1 ), . . . , A # (a fe )). 

Also, following [TO], we denote by (A # (g) 1) (77) the section of (f\ k ~ l TM) ® 
T*M that acts on multivector fields by contraction with the factor in T*M: 
for all A G F(TM) and «i, . . . ,a k -i G r(T*M), 

(A* ® l)(77)(ai, . • • , a fc _i)(X) = (-l)S(A # (ai), . . . , A#(a fc _i), A). 

The next Proposition gives an equivalent expression of ([T|) in terms of 
the usual Schouten bracket. 

Proposition 2.1 ([8]) The pair ((A, E),uj), with (A, E) G T(f\ 2 (TM x JK)) 
and a; G T(/\ 2 T*M), defines a twisted Jacobi structure on M if and only if 

[A, A]+2EAA = 2A # (du) + 2{A*u) A E (2) 

and 

[E,A] = (A#®l)(dw)(£0 " ((A # ®l)H(£))Afi. (3) 

As in the case of a Jacobi manifold [6], given a twisted Jacobi structure 
((A, E),uj) on M, (A, I?) defines on C°°(M, R) the internal composition law 

{f,g} = A(df,dg) + (fdg-gdf,E), f,g G C°°(M,R), (4) 
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that is bilinear, skew-symmetric but it does not, in general, satisfy the Jacobi 
identity We have |8], for all f,g,he C°°(M,]R), 

{/, {9, h}}+{g, {h, f}}+{h, {/, g}} = (A, E)#{dw, u)((df, /), (dg, g), (dh, h)). 

Therefore, (C°°(M, R), {•, •}) is not a local Lie algebra. However, ((A, E),u) 
defines a Lie algebroid structure ({•, -} w ,vr o (A,E)#) on the vector bundle 
T*M x 1R, —> M, [8J. The bracket on the space T(T*M x R) of smooth 
sections is given, for all (a, /), ((3,g) £ T(T*M x R), by 

{( a ,f),(P,g)r = {(aJ),(P,g)} + (du,u)((A,E)#(a,f),(A,Ef(/3,g),-), 

where {•, •} denotes the Kerbrat-Souici-Benhammadi bracket ([!]) and the 
anchor map is tto (A, E)&, where 7r : TM x 1R — > TM denotes the projection 
on the first factor. 

Next, we present two important examples of twisted Jacobi structures 
on a manifold. 

Examples 2.2 

1. Twisted locally conformal symplectic manifolds: A twisted locally confor- 
mal symplectic manifold [8] is a manifold M of even dimension 2n equipped 
with a non-degenerate 2-form 0, a closed 1-form and a 2-form u such 
that 

d(0 - u) + ■& A (9 - u) = 0. 

Let E be the unique vector field and A the unique bivector field on M which 
are defined by 

i(E)Q = -1? and i(A # (a))6 = -a, for all a G T(T*M). (5) 
Then, we have 

E = A*{$) and A = A # (G). 

By a simple, but very long computation, we prove that the pair ((A, E),lu) 
satisfies the relations ([2]) and ([3]). Whence, ((A, E),co) endows M with a 
twisted Jacobi structure. 

2. Twisted contact manifolds: A twisted contact manifold is a manifold M 
of odd dimension 2n + 1 equipped with a 1-form i? and a 2-form u) such that 
$ A (cfa9 + uj) n 0, everywhere in M. Let us consider on M the vector field 
2£ defined by 

i(E)& = l and i(E)(di? + w) = 0, 

and the bivector field A whose associated morphism A* is given, for all 
a G T(T*M), by 

A#(tf) = and z(A#(a))(di? + a;) = —(a — (a, £7) 

Then, by a simple, but very long computation, we prove that ((A, E),u) 
satisfies ([2]) and ([3]). Thus, ((A,E),u>) endows M with a twisted Jacobi 
structure. 
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3 The characteristic foliation of a twisted Jacobi 
manifold 



It is well known [2] that any Jacobi manifold is decomposed into leaves 
equipped with transitive Jacobi structures that are, according to the par- 
ity of the dimension of the leaves, contact or locally conformal symplectic 
structures. In this section, we will prove a similar result for twisted Jacobi 
manifolds. 

Let (M, (A, E), uS) be a twisted Jacobi manifold and consider its asso- 
ciated Lie algebroid over M, (T*M x R, {•, 7r o (A,E)#). The image 
Im(7r o (A, E)&) of the anchor map defines a completely integrable distri- 
bution on M, called the characteristic distribution of (M, (A, E), u), that 
determines a foliation of M into leaves, which are called the characteristic 
leaves of ((A, E),u), pQ. If, at every point of M, the dimension of the char- 
acteristic leaf of ((A, E),u) through this point is equal to the dimension of 
M, the twisted Jacobi manifold (M, (A,E),uj) is said to be transitive. Ac- 
cording to the parity of the dimension of M, there are two kinds of transitive 
twisted Jacobi manifolds. 

Proposition 3.1 Let (M, (A, E),uj) be a transitive twisted Jacobi manifold. 

1) If M is of even dimension, then ((A, E), uj) comes from a twisted locally 
conformal symplectic structure. 

2) If M is of odd dimension, then ((A, E),uj) comes from a twisted contact 
structure. 

Proof. 1) Let dimM = In. Since ((A, E),u>) is transitive, rankA* = 2n, 
everywhere on M, and E is a section of ImA#, i.e. there exists a 1-form 
•d on M such that E = A#($). Let be the 2-form on M obtained by 
the inversion of A, i.e., for any a G F(T*M), i(A#(a))0 = —a. A simple 
computation shows that equations (J2]) and ([3]) give, respectively, d(Q — u) + 
# A (0 — uj) = and d-d = 0. Whence, we conclude that ((A, E),lo) is 
provided by the twisted locally conformal symplectic structure 0,cj) on 
M. 

2) Let dimM = 2n + 1. Since {(A,E),uj) is transitive, rankA* = 2n, 
everywhere on M, and E is not a section of ImA*. Let i? be the 1-form on M 
defined by i{E)d = 1 and A*(#) = and let be the 2-form on M obtained 
by the inversion of A, i.e., for any a G T(T*M), i(A^(a))0 = —(a— (a, E) i?) 
and i(E)Q = 0. Clearly, i?A0 n / 0, everywhere on M, and A = A # (0). So, 
we have [A, A] = 2A*(<i0) — 2E A A*(di?) and, by a simple argumentation, 
we prove that ([2]) and Q give = d$ + u>. Thus, ((A,E),uj) comes from 
the twisted contact structure uj) on M. □ 

Theorem 3.2 Let (M, (A, E), u) is a twisted Jacobi manifold. Then, the 
bracket induces a transitive twisted Jacobi structure on each character- 
istic leaf of M . 

Proof. Let S be a characteristic leaf of (M, (A,E),w) through a point p, 
with dimS* = k, and (x\, . . . , Xk,yi, ■ ■ ■ ,y n -k), n = dimM, a system of 
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adapted local coordinates of M. Given two functions f,g& C°°(S, H), we 
can extend them locally to functions f,g € C°°(M, H), i.e. f(x,0) = f(x) 
and g(x,0) = g{x). On C°°(S, H) we define the bracket { , }s by setting 

{f,g} s (x) = {f,g}(x,Q), for all f,g € C°°(S,B). (6) 

We have, 

{f,g}s(x) = {f,g}(x,0) = {A*{df) + fE)\ {xfl) g-(df,E)\ {xfl) g 

= -(A#(dg)+gE)\ {xfi) f + (dg,E)\ {xfi) f 

and we realize that the bracket ([6]) only depends on / and g because it 
is computed along the integral curves of the vector fields A*{df) + fE, 
A#(dg) + gE and E through (x,0), which lie on S. Clearly, © yields a 
transitive twisted Jacobi structure on S. □ 

From Proposition 13.11 and Theorem 13.21 we conclude that a twisted Ja- 
cobi manifold is foliated into leaves that are endowed, according to the parity 
of the dimension, with a twisted locally conformal symplectic structure or a 
twisted contact structure. 
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